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Abstract

The pumping lemma and Myhill-Nerode is very impor-
tant in theory of formal languages and automata.In order to
depict fuzzy regular language deeply. Firstly,the paper ob-
tains the similar conclusion about fuzzy regular languages
and then discusses the closed property under some opera-
tions.Fininally the notion of commutative fuzzy regular lan-
guage is introduced,some properties and equivalent depic-
tions are obtained.This shows that it’s Boolean algebra.The
results is a foundation for further researches on fuzzy finite-
state automata and fuzzy regular languages.

1 Introduction

Since L.A.Zadeh introduced the concept of fuzzy set in
1965[1],fuzzy regular language and fuzzy finite-state au-
tomata were among the oldest topics in formal language the-
ory. Firstly the mathematical formal formulation of fuzzy
automata was proposed by Wee in 1967[2]. The concept
of fuzzy finite-state automata was introduced by Lee and
Zadeh in 1969[3]. Thereafter, there were a considerable
number of authors having contributed to this field such as
Mordeson,Malik [4],Shu[5] and others[6-12].Fuzzy regular
language have many important applications including learn-
ing systems,computing with words,fuzzy discrete event
systems,pattern recognition,database theory,lexical analysis
in programming language compilation and user-interface
translations.Other notable applications include circulation
design,text editing[13-18].Roughly speaking,in recent years
their application have been further extended to include par-
allel processing, image generation and compression,type
theory for object-oriented languages, DNA computing,etc.

It is well known that commutation is a kind of important
property in algebra and computation theory.The rest of the
paper is organized as follows.Some Previous concepts and
criterion for a fuzzy language which is regular in section

2.Section 3 discusses the closed properties of fuzzy regu-
lar language under intersection,concatenation,union,Kleene
closure,complementation and mirror image etc. The com-
mutative fuzzy regular language is introduced in section 4,
and then some interesting properties are obtained about it.
Finally, we end this paper with conclusion in section 5.

2 Pumping Lemma and Myhill-Nerode The-
orem

In order to describe the fuzzy regular language,the fol-
lowing concepts should be defined firstly.

Definition 2.1[5] 1)A fuzzy finite-state automata is a
five-triple FA = (Q,Σ, δ, q0, F ), where Q is a finite
nonempty set of states,Σ is a nonempty finite set of in-
puts,called alphabet;q0 ∈ Q is the initial state,F ⊆ Q is
the set of final states and δ is the transition function from
Q × Σ∗ → Q × [0, 1].

The language derived from fuzzy finite-state automata is
denoted by L(FA),i.e., L(FA) is the set of all input sym-
bols accepted by FA,that is to say,

L(FA) = {(x, μ(x))|∃q ∈ F, δ(q0, x) = (q, μ(x))}
Definition 2.2[5] A fuzzy language L is regular if and

only if there exists a fuzzy finite-state automata FA such
that L = L(FA).

Theorem 2.1(Pumping Lemma) Let L be a fuzzy regular
language.Then there is a constant n such that if z is any
words in L with membership μ ∈ [0, 1] and |z| ≥ n,we
may write z = uvw in such a way that |uv| ≤ n,|v| ≥ 1
and for all i ≥ 0, (uviw, μ) ∈ L.

Proof Let L be accepted by a deterministic fuzzy finite
state automata FA = (Q,Σ, δ, q0, F ) with n state.Consider
an input of n or more symbols a1a2...am,m ≥ n,let
δ(qi, ai)= (qi+1, μi), i = 1, 2, ..., t,denoted this by
δ(q0, a1a2...at) = (qt+1, μ), μ = μ1 ∧ μ2 ∧ ... ∧ μt.Since
there are only n different states in FA,it is not possible for
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each of the n+1 states q0, ..., qn to be distinct.Thus there are
two integers j and k,0 ≤ j < k ≤ n,such that qj = qk. The
path labeled a1a2...am/μ in the transition diagram of FA
is illustrated in figure 1 . Since j < k,the string aj+1...ak

is of length at least 1,and since k ≤ n,its length is no more
than n.

Figure 1. Path in transition diagram of FA

If qm is in F ,that is (a1a2...am, μ1 ∧ μ2 ∧ ... ∧ μm) ∈
L(FA), then (a1...ajak+1...am, μ1 ∧ ...∧μj ∧μk+1 ∧ ...∧
μm) is also in L(FA).Since there is a path from q0 to qm

that goes through qj but not around the loop labeled with
aj+1...ak/μj+1 ∧ ...∧ μk,hence δ(q0, a1...ajak+1...am) =
(qj , μ1 ∧ ... ∧ μj), δ(qj , ak+1...am) = δ(qk, ak+1...am) =
(qm, μk+1 ∧ ... ∧ μm)

Similarly,we could go around the loop of Fig-
ure 1 more than once-in fact,as many times as we
like.Thus,(a1...aj(aj+1...ak)iak+1...am, μ) ∈ FA for any
i ≥ 0.Let z = a1...am,u = a1...aj ,v = aj+1...ak,and
w = ak+1...am,that is δ(q0, uviw) = δ(q0, uvw) =
(qf , μ).Hence (uviw, μ) ∈ L(FA) = L.The conclusion
was proved.

The Pumping Lemma and its proof can be applied to ob-
tain some interesting results. The pumping lemma is ex-
tremely useful in proving that certain sets are not regular.

Example 2.1 Let Σ = {a, b}, L = {(anbn, μn)|n ≥ 0}
is not a fuzzy regular language.

If L is a fuzzy regular language,of course,there exists a
fuzzy finite state automata FA accepted it. The number
of states of FA is finite,denoted by m.Consider the string
z = akbk with membership μk ∈ [0, 1].Since the string
satisfies the hypothesis of the pumping lemma.Therefore,we
can split u into three parts as z = uvw such that |v| > 0 and
for all t ≥ 0 the string (uviw, μ′) ∈ L.Now there are three
cases to be considered.

Case 1. The string v contains as only.Then the string
(uvvw, μ1) has more as than bs in it.By the definition of
L,the string (uvvw, μ1) is not in L.But by the pumping
lemma (uvvw, μ1) is in L. This is a contradiction.

Case 2. The string v contains bs only.As in case 1,this is
a contradiction again.

Case 3. The string v contains both some as and bs.In
the case the string uvvw must have some bs before as.Then
such a string is not in L by the definition of L.But by the

pumping lemma (uvvvw, μ1) is in L. Again,we have a con-
tradiction.

All these cases shows that L is not accepted by
FA.Hence L is not a fuzzy regular language.

Definition 2.3[8] Let L ⊆ Σ∗,where Σ be an alphabet.
For any x, y ∈ Σ∗,If for ∀w ∈ Σ∗,(xw, μ) ∈ L if and only
if (yw, μ) ∈ L,denoted by x ≡ y(RL).

It’s clear that RL is reflective,symmetric and transi-
tive,thus RL is an equivalent relation.

Definition 2.4 Let L, S ⊆ Σ∗.and S is finite. For any
x ∈ Σ∗,if there exists y in S such that x ≡ y(RL), then we
name S a spanning set of L.

Theorem 2.2 A fuzzy language is regular if and only if
it has a spanning set.

Proof
Necessity. Let L be a fuzzy regular language,then

there exists a deterministic fuzzy finite-state automata
FA=(Q,Σ, δ, q0, F ) such that L(FA) = L.For any q in Q,
if there is a string y in Σ∗ satisfying δ(q0, y) = (q, μ),then
q is accessible.For all accessible state q,there must exists an
accessible y in Σ∗ such that δ(q0, y) = (q, μ).For simplic-
ity, we may take y by yq and denote S by {yq|δ(q0, yq) =
(q, μ)}.It’s obvious that S is finite.

Let x be in Σ∗,δ(q0, x) = (q, μ) and y = yq.It is clear
that y in S and δ(q0, y) = (q, μ).Therefor δ(q0, xw) =
δ(q, w) = δ(q0, yw) for any w in Σ∗. Thus,δ(q0, xw) ∈
F × [0, 1] is equivalent to δ(q0, yw) ∈ F × [0, 1],that is to
say ,(xw, μ) ∈ L if and only if (yw, μ) ∈ L. Therefore
x ≡ y(RL).Thus S is a spanning set of L.

Sufficiency. Let S ⊆ Σ∗ be a spanning set of L ⊆
Σ∗.We Construct a fuzzy finite-state automata FA =
(Q,Σ, δ, q0, F ),where Q = {qx|x ∈ S}. Here qx is the
corresponding state for any x in S.Since S is the spanning
set of L,there exists x0 in S such that ε ≡ x0(RL).Let us
denote q0, F by qx0 and {qy|(y, μ) ∈ L} respectively. For
all alphabet a in Σ,if δ(qx, a) = (qr, μ),where y ∈ S and
xa ≡ y(RL), then δ(qx, w) = (qy, μ) for any w in Σ∗ and
xw ≡ y(RL).

Now we utilize induction method to prove the conclu-
sion.

Base case. |w| = 0.At this time,it is holden that w =
ε,δ(qx, ε) = (qx, 1) and xε = x ≡ x(RL).

Inductive Step. Assume δ(qx, w) = (qy, μ) holds as the
length of w is k. Definite a map δ′ satisfying δ′(qx, w) = qy

via δ. Now take the length of w is k + 1. Since |w| =
k + 1,there exists a letter a in Σ and a string u with |u| = k
such that w = ua by the inductive hypothesis.Then

δ′(qx, w) = δ′(δ′(qx, u), a) = δ′(qy, a) = qz

where δ(qx, u) = (qy, μ′),δ(qy, a) = (qz, μ
′′),δ(qx, ua) =

(qz, μ),μ = μ′ ∧ μ′′.Hence xw ≡ y(RL) and ya ≡ z(RL).
Furthermore xw = xua ≡ ya(RL) and ya ≡ z(RL).This
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results in the following

L(FA) = {(w, μ)|w ∈ Σ∗, δ(qx0 , w) = (qy, μ), qy ∈ F}

Let δ(qx0 , w) = (qy, μ),then w ≡ x0w(RL) and x0w ≡
y(RL) are holden.Hence the following four results are
equivalent:

1)(w, μ) ∈ L ;
2)(y, μ) ∈ L;
3)qy ∈ F ;
4)(w, μ) ∈ L(FA).

Therefore L = L(FA).
Definition 2.5[8] For a given fuzzy finite state automata

FA.If there exists a unique fuzzy finite-state automata with
the minimal number of states such that L(FA) = L(FA′),
then FA′ is called the reduced automata of FA.

Theorem 2.3 For every fuzzy regular language,there is
a reduced fuzzy finite-state automata FA such that L =
L(FA).

Proof Here the fuzzy right congruence RL is introduced
in Definition 2.3. Now let x̄ be the fuzzy right congruence
class containing x,that is to say,x̄ = {y|x ≡ y(RL), x, y ∈
Σ∗}.Let Q be {x̄|x ∈ Σ∗},then Q is finite. Now if we let
FA = (Q,Σ, δ, q0, F ) be the fuzzy finite-state automata
with q0 = 1̄, F = {x̄|x ∈ L} and δ′(x̄, y) = xy for any
x, y ∈ Σ∗,then FA is the fuzzy reduced automata such that
L = L(FA).

3 Closure Properties of Fuzzy Regular Lan-
guages

As we know,there are many operations on languages
which can preserve the regularity of fuzzy regular lan-
guages,in a sense that the generated language of the oper-
ations applied to fuzzy regular languages result in regular
languages. For example,the union of two fuzzy regular lan-
guages is fuzzy regular language[6].We call a closure prop-
erty of a class of languages if the class of languages is closed
under a particular operation.

Theorem3.1[5] Fuzzy regular languages are closed un-
der union,concatenation,and Kleene closure.

Theorem 3.2 Fuzzy regular languages are closed under
complementation.

Proof Let L be L(FA) for a deterministic automata
FA = (Q,Σ, δ, q0, F ) and L ⊆ Σ∗.Now in order to ac-
cept Σ∗ − L,we construct a deterministic finite state au-
tomata FA1 = (Q,Σ, δ, q0, Q − F ).Then FA1 accepts a
word a with membership μ ∈ [0, 1] if and only if δ(q0, a) =
(qf , μ),qf ∈ Q − F ,that is a ∈ Σ∗ − L.

Theorem 3.3 Fuzzy regular languages are closed under
intersection.

Proof Let L be the complementation of L in Σ∗. Let
L1, L2 be fuzzy regular languages.Because L1

⋂
L2 =

L1

⋃
L2,according to theorem 3.1 and theorem 3.2,L1 ∩L2

is fuzzy regular language.
Definition 3.1[8] For any w = a1a2...an ∈ Σ∗,let

w−1 = anan−1...a1,then w−1 is the mirror image of w.
Theorem 3.4 Let L be a fuzzy regular language,then

L−1 = {(x, μ)|(x−1, μ) ∈ L} is a fuzzy regular language.
Proof Let L be a fuzzy regular language,there ex-

ists a deterministic fuzzy finite state automata FA =
(Q,Σ, δ, q0, qf ) accepted L.For each element (w, μ) in
L,there must be a series of words w1, w2, ..., wm such that
w = w1w2...wm and δ(q0, w1) = (q1, μ1),δ(q1, w2) =
(q2, μ2),...,δ(qm−1, wm) = (qf , μm), μ = μ1∧μ2∧...∧μm.

Now,we construct a fuzzy finite state au-
tomata FA = (Q,Σ, δ1, qf , q0),where δ1 satisfies
δ(q, a) = (p, μ′) if and only if δ1(p, a)=(q, μ) for
q, p ∈ Q and a ∈ Σ, μ′ ∈ [0, 1]. That is to
say,δ1(qf , wm) = (qm−1, μm),δ1(qm−1, wm−1) =
(qm−2, μm−1),..., δ1(q2, w2) = (q1, μ2),δ1(q1, w1) =
(q0, μ1).Thus,(wm...w2w1, μ) ∈ L(FA−1).That is
(w−1, μ) in L(FA−1) for all (w−1, μ) ∈ L−1. Therefore,
L−1 is a fuzzy regular language.

4 Commutation Properties of Fuzzy Regular
Language

Commutativity is very important in algebra. Many
authors have concerned with Commutative regular lan-
guages,such as Rupert[12],L’vov[13]etc.In the section,we
concern with quasi-commutative and commutative language
from fuzzy finite-state automata.

Definition 4.1 1) A fuzzy finite-state automata is quasi-
commutative if for all x, y ∈ Σ∗, δ(q0, xy) = δ(q0, yx).

2) A fuzzy finite-state automata is commutative if for all
x, y ∈ Σ∗ and q ∈ Q,δ(q, xy) = δ(q, yx).

3) A fuzzy regular language L is (quasi-)commutative if
there is a reduced fuzzy finite-state automata FA which is
(quasi-)commutative and accepts it,i.e.,L = L(FA).

Theorem 4.2 If L is a quasi-commutative fuzzy regular
language,then the fuzzy right congruence RL is a left con-
gruence.

Proof Let FA = (Q,Σ, δ, q0, F ) be the reduced fuzzy
finite-state automata which accepts L. Let x, y, z ∈ Σ∗,
and x ≡ y(RL).We want to show that zx ≡ zy(RL)
for z ∈ Σ∗.Since RL is a fuzzy right congruence,xz ≡
yz(RL) holds.As L is a quasi-commutative fuzzy regu-
lar language.We have zx = δ(1̄, zx) = δ(1̄, xz) =
xz,i.e.,zx = xz.Similarly,we can show that zy ≡ yz(RL).It
follows that zx ≡ zy(RL) and so RL is a left congruence.

For any word w = a1a2...an ∈ Σ∗,let [w] be the set of
all words formed by permuting the letters a1, a2, ..., an.The
following is characterization of commutative fuzzy regular
languages.
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Theorem 4.3 Let Σ be a finite alphabet and L be a fuzzy
regular language over Σ. Then the following are equivalent:

(1) L is a quasi-commutative fuzzy regular language;
(2) for all u, v, x ∈ Σ∗, (uvx, μ) ∈ L if and only if

(vux, μ) ∈ L;
(3)for all u, v, x, y ∈ Σ∗, (yuvx, μ′) ∈ L if and only if

(yvux, μ′) ∈ L;
(4)the fuzzy syntactic monoid of L is commutative;
(5)for every w ∈ Σ∗, (w, μ′′) ∈ L if and only if

(w, μ′′) ∈ L.
Proof (1)=⇒(2) Suppose that L is a quasi-

commutative fuzzy regular language and for some u, v, x ∈
Σ∗, (uvx, μ) ∈ L and (vux, μ) ∈ L.As L is quasi-
commutative and regular, there exists a quasi-commutative
fuzzy finite-state automata FA = (Q,Σ, δ, q0, F ) such that
L = L(FA). Then,by definition,uv = vu.It follows that
δ(q0, uv) = δ(1̄, uv) = uv = vu = δ(1̄, vu) = δ(q0, vu).
Hence L is not quasi-commutative which is a contradiction.

(2) =⇒ (1) If for any u, v, x ∈ Σ∗, (uvx, μ) ∈ L if
and only if (vux, μ) ∈ L.Then uv = vu and δ(1̄, uv) =
δ(1̄, vu),then δ(q0, uv) = δ(q0, vu).Therefore L is quasi-
commutative.

(2)=⇒(3) If for any u, v, x, y ∈ Σ∗, (yuvx, μ′) ∈ L,then
by (2),(vyux, μ′) ∈ L and again,by (2), (yvux, μ′) ∈ L.

(3)=⇒(2) It is trivial.
(4)=⇒(3) ∀u, v ∈syn(L),and syn(L) is commutative,

i.e.,uv = vu. Then,for all x, y ∈ Σ∗, (yuvx, μ′) ∈ L if
and only if (yvux, μ′) ∈ L.

(3)=⇒(4) As the fuzzy right congruence RL is a left con-
gruence,the RL is a congruence.Then syn(L) is generated
by RL,by (3),(yuvx, μ′) in L if and only if (yvux, μ′) in
L.Then uv = vu.Hence syn(L) is commutative.

(2)=⇒(5) Assuming (2) holds.Obviously,if (w, μ′′) ∈ L
with w = a1a2...an,then any word (w′, μ′′) formed by per-
muting of a1, a2, ...an is also in L.Hence {(w′, μ′′)|w′ ∈
[w]} ⊆ L.

(5)=⇒(2) It is obvious for all w ∈ {(w′, μ′′)|w′ ∈
[w]} ⊆ L.

This completes the proof of the theorem.
Theorem 4.4 Let L be a fuzzy regular language over

Σ.Then L is quasi-commutative if and only if L is commu-
tative.

Proof Let FA = (Q,Σ, δ, q0, F ) be a reduced fuzzy
finite-state automata which accepts L.Suppose L is a
quasi-commutative fuzzy regular language.Then,for every
x, y, z ∈ Σ∗, x ≡ y(RL) implies zx ≡ zy(RL).Since
for every u, v ∈ Σ∗, uv ≡ vu(RL) holds.Then zuv ≡
zvu(RL),i.e.,zuv = zvu.Therefore for every z ∈ Q and
u, v ∈ Σ∗,δ(z, uv) = zuv = zvu = δ(z, vu). Thus FA is
a commutative fuzzy finite-state automata.It follows that L
is a commutative fuzzy regular language.

The converse is trivial.

Theorem 4.5 Let L be a commutative fuzzy regu-
lar language over Σ.Then L = L−1,where L−1 =
{(w−1, μ)|(w, μ) ∈ L}.

Proof If (w, μ) ∈ L,i.e.,(a1a2...an, μ) ∈ L,by
the commutative properties (a2a1...an, μ) ∈ L,deduced
by this way.In the end,we have that (an...a2a1, μ) ∈
L, .i.e., (w−1, μ) ∈ L.It follows that L−1 ⊆ L.

On the other hand,L = (L−1)−1 ⊆ L−1.Then L = L−1

holds.
The following is a direct consequence of theorem 3.1,3.2

and 4.4.
Theorem 4.6 Let Σ be a finite alphabet,then the set of

all commutative fuzzy regular languages over Σ forms a
Boolean algebra,i.e.,the class is closed under the operations
of union,intersection and complementation.

5 Example

Now let us see an example about fuzzy regular lan-
guage.Let FA = (Q,Σ, δ, q0, F ) be a fuzzy finite-state au-
tomata,where Q = {q0, q1, q2},Σ = {x, y},the transition
function of states satisfies δ(q0, x) = (q1, μ1),δ(q0, y) =
(q2, μ2),δ(q1, x) = (q1, μ3), δ(q1, y) = (q2, μ4) δ(q2, x) =
(q2, μ5),δ(q2, x) = (q2, μ6). The transition figure of states
is represented with figure 2.

Figure 2. Path in transition diagram of FA

It is obviously that the automata FA is commutative and
the languages accepted by FA is commutative too.

6 Conclusion

In this paper, we summarize some results of fuzzy regu-
lar language based on Mordeson,Milk, and Mo etc. Firstly
we obtained the pumping lemma and Myhill-Nerode theo-
rem of fuzzy regular language.Secondly we discussed the
closed property under some operations.At last it has been
shown that commutative fuzzy regular language formed a
Boolean algebra. After this,the commutation of fuzzy regu-
lar language is a direction of researches in the future.
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Cybernet.ąłPart B: Cybernet. 35(2005)1 pp. 72-88.

[10] M. S. Ying, "A formal model of computing with
words", IEEE Trans. Fuzzy Systems, 10(2002)5, pp.
640-652.

[11] F. Lin, H. Ying, "Modeling and control of fuzzy
discrete even systems", IEEE Trans. Systems Man
Cybernet-Part B: Cybernet, 32(2002)1, pp. 1-8.

[12] C. P. Rupert. "Commutative regular languages", ACM
SIGACT News, 22(1991)4, pp. 48-49.

[13] M. S. L’vov, "Commutative Closure of Regular Semi-
groups of Languages", Cybernetics and Systems Anal-
ysis, 9(1973)2, pp. 247-252.

[14] A. Ada, "On the Non-deterministic Communication
Complexity of Regular Languages", Lecture Notes in
Computer Science,Springer Berlin/Heidelberg, 2008,
pp. 96-107.

[15] A. Ginzbury, "Algebraic Theory of Automata"(Assoc.
Comput. Math. Monagraphy Series), Academic Press,
New York, 1968.

[16] R. McNaughton,S. Papert, "Counter-Free Automata",
M.I.T. Press, 1971.

[17] J.F.,Perret, "Contribution áI’Étude des Monoids
Sybtactiques es et de Certains Groups Associés
aux.Automate Finis",Thése Sc. Math. Paris (1972).

[18] M. O. Raom,D. Scott, "Finite Automata and Their De-
cision Problems", IBM J. Res. Develop, 3(1959) pp.
114-125.

131131131131


