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Abstract The various oblique shock wave reflection pat-
terns generated by a moving incident shock on a planar wedge
using an ideal quantum gas model are numerically studied
using a novel high resolution quantum kinetic flux split-
ting scheme. With different incident shock Mach numbers
and wedge angles as flow parameters, four different types
of reflection patterns, namely, the regular reflection, simple
Mach reflection, complex Mach reflection and the double
Mach reflection as in the classical gas can be classified and
observed. Both Bose–Einstein and Fermi–Dirac gases are
considered.

Keywords Shock wave reflection · Quantum gas
dynamics · Wedge · High resolution scheme

PACS 51.10.+y · 67.10.-j

1 Introduction

The unsteady two-dimensional (2D) shock wave propagat-
ing and interacting phenomenon have been well studied and
explored experimentally, theoretically and computationally,
in the classical gas dynamics. In particular, studies of shock
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waves based on shock tubes and theoretical and computa-
tional gas dynamics based on the Euler equations have been
abundant. Many interesting results can be found in the Pro-
ceedings of the Symposia on Shock Waves and Shock Tubes
over the years. This work shall present numerical simulations
of oblique shock wave reflections by a planar wedge using a
quantum gas model. A similar and more complete study cor-
responding to the classical gas has been carried out by Glaz
et al. [6]. A monograph on shock wave reflection phenomena
has been given by Ben-Dor [1]. A more extensive report on
shock wave reflection by wedges as benchmark test for com-
putational fluid dynamics and experiments in the classical
gas has been summarized by Takayama and Jiang [16].

In statistical mechanics, there are three kinds of equi-
librium distributions for a system of N identical particles,
namely, the Maxwell–Boltzmann, Bose–Einstein and Fermi-
Dirac distributions; the former one is for classical particles
and the later two are for quantum particles. The physical
properties of fermion and boson systems are profoundly
different at sufficiently low temperature. However, in the
classical limit, both quantum distributions reduce to the
Maxwell–Boltzmann distribution. The ideal classical gas
dynamics can be described by the Maxwell–Boltzmann dis-
tribution which corresponding to the lowest order solution
of the classical Boltzmann equation when Chapman–Enskog
procedure is employed [3]. The conservation laws based on
the Maxwell–Boltzmann distribution is the well known Euler
equations of classical gas dynamics. Analogous to the clas-
sical Boltzmann equation, a quantum Boltzmann equation
for the transport phenomenon can be developed for fermions
and bosons, see [10]. A formal solution procedure which
generalizing the Chapman–Enskog method to solve the
quantum Boltzmann equation was given by [18] where the
first and second approximations of the distribution func-
tion and expressions for the viscosity and heat conductivity
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coefficients were given. Thus, the corresponding quantum
gas dynamics as governed by the quantum Euler equations
and quantum Navier–Stokes equations can also be explored
based on the quantum kinetic theory.

In the past 40 years, extensive theoretical and computa-
tional methods have been developed to solve the Euler equa-
tions of classical gas dynamics (see [7,17]). A particular class
of methods closely related to the present work are the KFVS
of Patterson [14], Deshpande [5], and Chou and Baganoff [4].
More recent works on kinetic numerical methods have been
given by Xu and Prendergast [19], Xu [20,21], and Ohw-
ada [12]. An interesting explicit scheme for solving the ideal
gas dynamics, the so-called beam scheme has been presented
by Sanders and Prendergast [15] for solving the equilibrium
limit of the classical Boltzmann equation. Both the basic
beam scheme and the KFVS scheme for the classical Euler
equations are of first-order accuracy and thus numerically
diffusive, although with different degrees of numerical dif-
fusion. However, this numerical diffusion of first-order beam
and KFVS (or any upwind) methods can be significantly
reduced by the implementation of higher order methods. The
corresponding beam scheme and kinetic flux vector splitting
schemes for ideal quantum gas dynamics have been given
by Yang and Shi [22] and by Yang et al. [24], respectively.
The basic first-order KFVS methods are derived based on
either the collisionless Boltzmann equation or a BGK-type
Boltzmann equation [2]. To increase the accuracy and to
treat general geometry, both the weighted essentially non-
oscillatory (WENO) method [9] and the general coordinates
were adopted into the basic first order KFVS scheme to yield
a class of high-order KFVS schemes for computing ideal
quantum gas dynamical flows. In view of the existing exten-
sive works on experimental and computational classical gas
dynamics, the present quantum KFVS schemes can be poten-
tially useful for revealing various dynamical aspects of ideal
quantum gas through mathematical and physical analogies.

In this work, we shall apply this 2D high resolution KFVS
scheme to simulate the pseudo-stationary oblique shock wave
reflection patterns over several range of incident shock wave
Mach number Ms and the wedge angle θw. Although the rela-
tions on pressure and internal energy are the same both in
classical and quantum gas models, the corresponding ther-
modynamic variables are different according to statistical
mechanics. The conservation forms are the same but closure
equation of states are different, so strictly speaking, we are
not solving the same equation as the KFVS based on classi-
cal Maxwell-Boltzmann distribution. The ideal quantum gas
reduced to perfect gas in the classical limit which corresponds
to the case of fugacity approach to zero.

This paper is organized as following. We first describe
the elements of quantum Boltzmann transport equation in
Sect. 2. The basic kinetic flux splitting method is derived
in Sect. 3 for the bosons and fermions. General curvilinear

coordinates are introduced to treat problems with general
geometries. Treatment of boundary conditions is also out-
lined. The weighted ENO method is implemented to yield a
class of high-order flux vector splitting methods. In Sect. 4,
numerical experiments and the computed results for various
types of reflections are presented. Lastly, some concluding
remarks are given in Sect. 5.

2 Elementary quantum transport equation

In this section, elements of the semi-classical Boltzmann
transport equation appropriate for the development of pres-
ent work are briefly outlined. Following Kadanoff and Baym
[10], we consider the quantum Boltzmann equation(

∂

∂t
+ u · ∇x − ∇V (x, t) · ∇u

)
f (x, u, t) =

(
δ f

δt

)
coll.

(1)

where u is the particle velocity, V is the externally applied
field and f (x, u, t) is the distribution function which repre-
sents the average density of particles with velocity u at the
space–time point x, t . The (δ f/δt)coll. denotes the collision
term. The major mathematical difficulty of solving Eq. (1) is
due to the nonlinear collision term. Here, we consider only the
cases where the collision term can be neglected and demand
that (δ f/δt)coll. = 0. This corresponds to two important spe-
cial cases. One is the free molecular flow (where the mean
free path of the gas system is very large or infinite) and the
other is the equilibrium flow (where the mean collision time
is infinitely short). The solution to Eq. (1) for the equilibrium
flow is given by

f (x, u, t) = f0 = m4

h3

1

exp(λ(u − U)2 − µ/kB T ) + θ

= m4

h3

1

z−1 exp(λ(u − U)2) + θ
, (2)

where λ = m/2kBT , h is Planck’s constant, m is the mass
of the constituent particle and θ = +1 denotes the Fermi–
Dirac statistics and θ = −1 the Bose–Einstein statistics.
The equilibrium distribution is an important reference state
since most transport phenomena in gases originate from its
slightly deviation from the equilibrium state. To complete
the equilibrium solution, we have to determine the unknown
functions, namely, the gas temperature, T (x, t), the mean
velocity, U(x, t) = (U, V, W ), and the chemical potential,
µ, or fugacity, z = exp(µ/kBT ), which appear in Eq. (2).
These flow parameters can be determined by making use
of the conservation laws for number of particles, momen-
tum, and energy. These conservation laws can be obtained
by multiplying Eq. (1) by 1, u, and u2/2, and then integrat-
ing the resulting equations over the particle velocity space
u = (u, v, w). The integrals of the collision terms in all
three cases vanish automatically and we have the differential
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conservation laws for the conserved macroscopic quantities,
i.e., the density ρ, momentum ρU, and energy density ρε as
follows:

∂ρ

∂t
+ ∇x · ρU = 0 (3)

∂ρU
∂t

+ ∇x ·
∫

uu f (x, u, t)du = −ρ∇xV (4)

∂ρε

∂t
+ ∇x ·

∫
u

u2

2
f (x, u, t)du = −ρU · ∇xV (5)

where (ρ, ρU, ρε) are the moments of φα = (1, u, u2/2) and
for the equilibrium case, they can be explicitly calculated as

ρ(x, t) =
∫

f0(x, u, t)du = m

	3 Q 3
2
(z), (6)

ρ(x, t)U(x, t) =
∫

u f0(x, u, t)du = m

	3 Q 3
2
(z)U, (7)

ρ(x, t)ε(x, t) =
∫

u2

2
f0(x, u, t)du

= 3

2

m

β	3 Q 5
2
(z) + 1

2

m

	3 Q 3
2
(z)U2

= 1

γ − 1
P(x, t) + 1

2
ρ(x, t)U2. (8)

where 	 = h
√

λ/π/m is the thermal wavelength, P(x, t) is
the gas pressure and γ is a constant related to the degree of
freedom.

In the above, Qν(z) denotes the quantum integration func-
tion of order ν which is defined by

Qν(z) =
{

Gν(z), for Bose gas,

Fν(z), for Fermi gas,
(9)

where Gν(z) denotes the Bose–Einstein integral and Fν(z)
denotes the Fermi–Dirac integral of order ν, respectively,

Gν(z) ≡ 1

�(ν)

∞∫
0

xν−1

z−1ex − 1
dx =

∞∑
l=1

zl

lν
, (10)

Fν(z) ≡ 1

�(ν)

∞∫
0

xν−1

z−1ex + 1
dx =

∞∑
l=1

−(−z)l

lν
, (11)

and �(ν) is Gamma function.
Other higher-order moments such as stress tensor and the

heat flux vector can also be defined. For the local equilib-
rium solution, one can obtain these macroscopic quantities
in closed form in terms of Bose or Fermi functions [8,13]. In
the following derivation of the KFVS method, the equilib-
rium state will serve only as the initial state for the free gas
evolution according to the collisionless Boltzmann equation.
We also neglect the external potential V (x) here which can
be included as that done in Yang et al. [24].

3 Elementary quantum transport equation

In this section, we outline the numerical techniques used
which include the basic quantum kinetic flux vector split-
ting scheme, formulation in general coordinates system, and
implementation of the WENO method.

3.1 The quantum KFVS scheme

The basic KFVS scheme is briefly described based on the
collisionless Boltzmann equation for a quantum gas. We con-
sider quantum gas flow problems in two space dimensions
where the mean velocity vector of the gas is U = (U, V, 0).
Divide the space into a number of uniform rectangular cells.
Each cell, denoted as (i, j), occupies a small space with x ∈
[xi− 1

2
, xi+ 1

2
], y ∈ [y j− 1

2
, y j+ 1

2
], where (xi+1/2, y j ) denotes

the cell interface between cells (i, j) and (i + 1, j), and
the cell center is located at (xi , y j ). With the initial mass,
momentum and energy densities given inside each cell (i, j),
denoted as

Wi, j = (ρ, ρU, ρV, ρε)i, j , (12)

and the fugacity z can be obtained from Eqs. (6) and (8)
through the following relation,

2(ρε) −
(

h2

2πm5/3

)(
ρ

Q 3
2
(z)

)5/3

Q 5
2
(z)

− ρ(U 2 + V 2) = 0. (13)

Once we have obtained the fugacity, the temperature (or λ)
can be calculated. We can then define an equilibrium state f0

for the quantum gas according to Eq. (2), which is

f0 = m4

h3

1

z−1exp[λ((u−U )2 + (v−V )2 + w2)] + θ
. (14)

The initial value problem of the collisionless Boltzmann
equation in two space dimensions is described by

∂ f

∂t
+ u

∂ f

∂x
+ v

∂ f

∂y
= 0, (15)

with the initial condition around the cell interface at (xi+1/2,

y j ), between cells (i, j) and (i + 1, j),

f (x, y, u, v, w, t = 0) =
{

f0,i, j , x ≤ xi+1/2,

f0,i+1, j , x > xi+1/2.
(16)

The solution of the above initial value problem, f (x, y, u, t)
at (xi+1/2, y j ) and time t , becomes

f (xi+1/2, y, u, v, w, t) =
{

f0,i, j , u ≥ 0,

f0,i+1, j , u < 0.
(17)
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Similarly, one can obtain the solution at (xi , y j+1/2) and time
t , becomes

f (x, y j+1/2, u, v, w, t) =
{

f0,i, j , v ≥ 0,

f0,i, j+1, v < 0.
(18)

Based on the above distribution function, a kinetic flux
vector splitting method for ideal quantum gas dynamics has
been devised. The split flux vectors from 1D to 3D are derived
and not only the first-order method but also the high-order
WENO schemes have been implemented. We shall not repeat
the derivation here and refer the reader to Yang et al. [24].

3.2 Generalized coordinates

To treat general geometries, one usually casts the equations
in curvilinear coordinates. Here, we list the formulas for the
split fluxes in 2D (ξ, η) curvilinear coordinates. Divide the
computational domain into uniform rectangular cells (with
�ξ = �η = 1) and denote each cell as (i, j). Define the
unit normal and the contravariant velocities as

(̂ξx , ξ̂y) = (ξx , ξy)√
ξ2

x + ξ2
y

, (̂ηx , η̂y) = (ηx , ηy)√
η2

x + η2
y

, (19)

Û = ξ̂xU + ξ̂y V, V̂ = η̂xU + η̂y V . (20)

Then the split fluxes in the generalized coordinates (ξ, η) are
given, respectively, by

F̂± =

⎛
⎜⎜⎜⎜⎜⎜⎝

ρÛa±(Û ) ± ρb(Û )

ξ̂x Pc±(Û ) + U (ρÛa±(Û ) ± ρb(Û ))

ξ̂y Pc±(Û ) + V (ρÛa±(Û ) ± ρb(Û ))

5
2 PÛc±(Û ) + 2Pd(Û )

+ 1
2 (U 2 + V 2)(ρÛa±(Û ) ± ρb(Û ))

⎞
⎟⎟⎟⎟⎟⎟⎠

(21)

Ĝ± =

⎛
⎜⎜⎜⎜⎜⎜⎝

ρV̂ a±(V̂ ) ± ρb(V̂ )

η̂x Pc±(V̂ ) + U (ρV̂ a±(V̂ ) ± ρb(V̂ ))

η̂y Pc±(V̂ ) + V (ρV̂ a±(V̂ ) ± ρb(V̂ ))

5
2 PV̂ c±(V̂ ) + 2Pd(V̂ )

+ 1
2 (U 2 + V 2)(ρV̂ a±(V̂ ) ± ρb(V̂ ))

⎞
⎟⎟⎟⎟⎟⎟⎠

(22)

where the functions a±(U ), b(U ), c±(U ) and d(U ) are
defined by

a±(U ) = 1

2

(
1 ±

Q̃ 3
2
(s(U ), z)

Q 3
2
(z)

)
, (23)

b(U ) = 1

2
√

πλ

˜̃Q2(s(U ), z)

Q 3
2
(z)

, (24)

c±(U ) = 1

2

(
1 ±

Q̃ 5
2
(s(U ), z)

Q 5
2
(z)

)
, (25)

d(U ) = 1

2
√

πλ

˜̃Q3(s(U ), z)

Q 5
2
(z)

, (26)

where s(U ) = √
λU and

Q̃ν(s, z)(˜̃Qν(s, z)) = G̃ν(s, z)(˜̃Gν(s, z)) (27)

for a Bose gas and

Q̃ν(s, z)(˜̃Qν(s, z)) = F̃ν(s, z)(˜̃Fν(s, z)) (28)

for a Fermi gas. Here

G̃ν(s, z) =
∞∑

l=1

erf(
√

ls)
zl

lν
, (29)

˜̃Gν(s, z) =
∞∑

l=1

exp(−ls2)
zl

lν
, (30)

F̃ν(s, z) =
∞∑

l=1

erf(
√

ls)
−(−z)l

lν
, (31)

˜̃Fν(s, z) =
∞∑

l=1

exp(−ls2)
−(−z)l

lν
. (32)

Using the above split fluxes, the conservative flow vari-
ables, Wi, j inside each cell (i, j) can be updated as

Wn+1
i, j = Wn

i, j − �t

�ξ

(
F̂ (1)

i+ 1
2 , j

− F̂ (1)

i− 1
2 , j

)

− �t

�η

(
Ĝ(1)

i, j+ 1
2

− Ĝ(1)

i, j− 1
2

)
, (33)

where

F̂ (1)

i+ 1
2 , j

= F̂+
i, j + F̂−

i+1, j , Ĝ(1)

i, j+ 1
2

= Ĝ+
i, j + Ĝ−

i, j+1. (34)

The time step size �t can be chosen by Courant–
Friedrichs–Lewy (CFL) stability condition,

σ ≤ min

{
1

max(|Û | + 3C)
,

1

max(|V̂ | + 3C)

}
(35)

where C is the local speed of sound, C =
√

γ P
ρ

.

At this stage, we have completed the description of the
first-order KFVS scheme for the quantum gas.

3.3 Implementation of WENO schemes

The above scheme is of first-order accuracy and thus is very
diffusive. In practical applications we need high-order meth-
ods, particularly for rich and fine flows structures gener-
ated in the oblique shock wave reflections. In this work, we
adopt the weighted essentially non-oscillatory interpolation
method developed by Liu et al. [11] and Jiang and Shu [9]
to the basic first-order quantum KFVS scheme to result in
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a class of high resolution methods for computing of quan-
tum ideal gas dynamical flows. The higher order finite differ-
ence weighted essentially non-oscillatory schemes have been
quite successful in computational fluid dynamics and many
other applications. They are especially suitable for problems
containing both shocks and complicated flow features. The
implementation of the WENO method to the first-order quan-
tum KFVS scheme in general coordinates can be done simi-
larly to that for Cartesian coordinates which has been given in
[4] and will not be repeated here. It is only noted that there is
no need to use characteristic projection and the implementa-
tion is quite simple and direct. With the combining desirable
features of entropy-satisfying, shock capturing property, gen-
eral curvilinear coordinates formulations, and high resolution
WENO method, we have a very accurate numerical tool for
revealing various dynamical aspects of the ideal quantum gas
flows. For further details, see Yang et al. [24].

Before ending this section, a brief description regarding
the boundary conditions used are given below. For the prob-
lems considered in this work, two types of boundary condi-
tions, far field and solid wall, are encountered. For inviscid
flow, the zero normal velocity boundary condition is war-
ranted on a solid wall. A simple way to satisfy the zero nor-
mal velocity condition on the wall is to use the reflection
principle, i.e., ρ, ρV̂ and ε are taken to be symmetric and
ρÛ is antisymmetric across the cell interface, with Û and
V̂ being the local normal and tangential components of the
velocity vector. In this way, the values of the state vector
in any number of dummy cells can be specified. At the far
field boundary, the flow variables are set to describe the exact
motion of the shock. The inflow and outflow boundary con-
ditions are treated by using the standard upwinding interpo-
lation supplied by the KFVS scheme.

4 Numerical results

In this section, we report detailed and parametric calcula-
tions of oblique shock wave reflections by a wedge. For the
2D shock wave diffraction problem, the initial position of the
incident shock wave is arbitrarily located at certain distance
to the left of the wedge. The conditions ahead of (state 1) and
behind (state 2) a moving shock are related by

P2

P1
= 2γ M2

s − (γ − 1)

γ + 1
(36)

ρ2

ρ1
= G(P2/P1) + 1

G + (P2/P1)
(37)

U2 = Ms

[
1 − (γ − 1)M2

s + 2

(γ + 1)M2
s

]
c1 (38)

where G = (γ + 1)/(γ − 1) and c1 = (γ P1/ρ1)
1/2.

Initially, when t = 0, the fugacity at state 1 (z1) is assi-
gned, then ρ1, P1,T1 and ε1 can be calculated by the following
equations which are derived from the state equation with an
assigned value of Ms and a given value of γ for a particular
quantum gas,

T1 = Q3/2(z1)

Q5/2(z1)γ
, ρ1 = T 3/2

1 Q3/2(z1), (39)

P1 = ρ1

γ
, ε1 = P1

γρ1
+ 1

2
ρ1(U

2
1 + V 2

1 ). (40)

The velocity components of state 1 are set to zero, U1 =
V1 = 0. The conditions at state 2 are calculated by Eqs. (34)–
(36) and the energy density ε2, temperature T2 and fugacity
z2 are given as previous procedure.

Moving shock relations are applied to the two sides of the
incident shock and the consequent movement of motion is
simulated without imposing any explicit equation of motion
for the incident shock.

In the classical gas dynamics, it is well known that the
type of shock reflection pattern is a function of the incident
shock wave Mach number Ms, the wedge angle θw and the
gas equation of state. In general, four basic types of patterns
have been classified for the oblique shock wave reflection
by a wedge, namely, (a) regular reflection (RR); (b) simple
Mach reflection (SMR); (c) complex Mach reflection (CMR);
and (d) double Mach reflection (DMR). Here, we shall bor-
row the same terminology and classify the reflection patterns
in the ideal quantum gas. The equation state of ideal gas is
used throughout and no frozen or non-equilibrium flows are
considered.

With fixed wedge angle θw and gas constant and fugacity
z, a parametric study for different shock Mach number Ms

corresponding to different classification of flow patterns are
presented. Our main Objective in this paper is to exhibit and
identify the four different types of shock diffraction patterns.
To carry out the detailed calculation of transition sequence
and the determination of the transition boundaries in the
(Ms, θw)-plane although can be done, however, it requires
much more effort, and we shall defer it to a future work.

Before we discuss the physical phenomena, we have per-
formed grid resolution test. The computational results using
301×151 coarse mesh and WENO2-KFVS scheme are com-
pared with the results of 601 × 301 fine mesh and the same
scheme. The overall flow patterns are mostly similar for
both cases; however, more diffusive resolution of discon-
tinuities can be observed for the coarse grid case. Also the
results computed by WENO3-KFVS scheme with 601×301
fine mesh are compared with the results of WENO2-KFVS
scheme. The overall flow patterns are in good agreement
with the corresponding results by WENO2-KFVS scheme.
Only slightly finer resolution of discontinuities can be obser-
ved. Based on the comparisons, we present the results using
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198 J. C. Huang et al.

fine mesh and WENO2-KFVS scheme in the following
sections.

4.1 Shock wave reflection by a wedge: A. Boson gas

We consider a plane moving shock wave located initially at a
certain distance ahead of the inclined wedge with shock Mach
number ranging from 1.2 to 10.0 and the fugacity downstream
is 0.5. The flow quantities of states 1 and 2 for Ms = 2.0 are
(ρ1, U1, T1) = (0.347, 0.0, 0.676) and (ρ2, U2, T2) = (0.793,
1.125, 1.368), respectively. The computational domain is
bounded by wedge surface, x = −1.0 (upstream), x = 2.0
(downstream), and line y = 1/3(x +1)+2 (upper boundary)
as shown in Fig. 1. The grid size of the fine mesh is 601×301
with grid spacing �x = 0.005, �ymin = 2.5 × 10−3, and
�ymax = 5 × 10−3. The grid points in the y direction are
exponentially stretched away from the wedge surface with
�ymin = 2.5×10−3. Here the case of wedge angle θw = 43o

is computed. We use fine mesh and WENO2-KFVS scheme
with CFL = 0.1. The results are output at an appropriate time
for each case, and are plotted in Figs. 2a–g and Figs. 3a–g.

Case A1 RR, Ms = 1.2, θw = 43o. The density contours are
plotted in Fig. 2a and the shock diffraction pattern is clas-
sified as regular reflection and no Mach stem was observed
in this case. The pressure contour is plotted in Fig. 3a to
assist identifying the flow structures. We use 40 contour lev-
els spaced equally between the extreme values existing in
the flow field. The overall flow patterns are similar with the
corresponding case in the classical gas.

Fig. 1 The computational domain for cases of wedge angle θw = 43o

Case A2 SMR, Ms = 2.0, θw = 43o. When the incident
Mach number becomes Ms = 2.0, the flow pattern is a sim-
ple Mach reflection. The Mach stem and the slip line can
be clearly identified, see Fig. 2b. The pressure contour is
also plotted in Fig. 3b. Again, the flow patterns are in good
agreement with the corresponding case in classical gas. The
variation of the fugacity values is quite small in general.

Case A3 CMR, Ms = 3.0, θw = 43o. As the incident Mach
number increases to around Ms = 3.0, the flow pattern starts
to become complex Mach reflection as shown in Fig. 2c. The
Mach stem, the kink, and the slip line and its roll up pat-
terns can be identified. The pressure contour is also plotted
in Fig. 3c. Similar flow patterns are obtained as the inci-
dent Mach number increases to Ms = 4.0. The density and
pressure contours are also plotted in Figs. 2d and 3d.

Case A4 DMR, Ms = 6.0, θw = 43o. When the incident
shock Mach number increases to around Ms = 6.0, the
double Mach reflection pattern can be observed as shown
in Fig. 2e. In addition to the slip line originating from the
first triple shock, there is another shock originating from the
kink point of the outer reflected shock. In Fig. 3e the pres-
sure contour is shown. When the incident shock Mach num-
bers increase to Ms = 8.0 and Ms = 10.0, the pattern still
remains double Mach reflection type except for a stronger
strength. The density and pressure contours are also plotted
in Figs. 2f,g and 3f,g respectively.

The fugacity contours of cases Ms = 6.0 and 8.0 are plot-
ted in Figs. 4a and b. The fugacity values ahead of incident
shock is z2 = 0.5, but behind the incident shock the values
are nearly to zero. The variation of the fugacity values across
incident shock is quite obvious, but quite small across the
reflection shock.

For wedge angle θw = 60o, We use WENO2-KFVS
scheme with CFL = 0.1 to compute the flow fields of shock
Mach number ranging from 1.2 to 8.0 and the fugacity down-
stream is 0.5. The computational domain is bounded by
wedge surface, x = −1.0 (upstream), x = 2.0 (down-
stream), and line y = 5/6(x + 1)+ 2 (upper boundary). The
grid size of the mesh is 401 × 201 points with grid spacing
�x = 0.075, �ymin = 5 × 10−3, and �ymax = 10−2.

The results are output at an appropriate time for each case.
Density and pressure contours for the cases of Ms = 1.2, 2.0,
4.0, and 6.0 are plotted in Figs. 5a–d and Figs. 6a–d, respec-
tively.

4.2 Shock wave reflection by a wedge: B. Fermion gas

For Fermion gas, we consider the same testing cases as for
Boson gas, a plane moving shock wave reflection by a wedge
with shock Mach number ranging from 1.2 to 10.0 and the
fugacity downstream is 0.5. The flow quantities of states 1
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Fig. 2 Density contours for
Boson gas with a Ms = 1.2,
b Ms = 2.0, c Ms = 3.0,
d Ms = 4.0, e Ms = 6.0,
f Ms = 8.0, g Ms = 10.0 and
fugacity z2 = 0.5 by
WENO2-KFVS scheme and
601 × 301 fine mesh

and 2 for Ms = 2.0 are (ρ1, U1, T1) = (0.179, 0.0, 0.558) and
(ρ2, U2, T2) = (0.409, 1.125, 1.181), respectively, and these
values are quite different from those of Boson gas. The com-

putational domain and grid mesh are same as the cases for
Boson gas. Here, the case of wedge angle θw = 43o is com-
puted. We use fine mesh system and WENO2-KFVS scheme
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Fig. 3 Pressure contours for
Boson gas with a Ms = 1.2,
b Ms = 2.0, c Ms = 3.0,
d Ms = 4.0, e Ms = 6.0,
f Ms = 8.0, g Ms = 10.0 and
fugacity z2 = 0.5 by
WENO2-KFVS scheme and
601 × 301 fine mesh

with CFL = 0.1. The results of the overall flow patterns are
quite similar to the corresponding case in the Boson gas. For
the case of Ms = 1.2, the shock diffraction pattern is clas-
sified as regular reflection. When the incident Mach number

becomes Ms = 2.0, the flow pattern becomes a simple Mach
reflection. As the incident Mach number increases to around
Ms = 3.0, the flow pattern starts to become complex Mach
reflection. The Mach stem, the kink, and the slip line and its
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Fig. 4 The fugacity contours of cases a Ms = 6.0 and b 8.0. Results
by WENO2-KFVS scheme and 601 × 301 fine mesh

roll up patterns can be identified. Similar type of flow pat-
terns is obtained as the incident Mach number increases to
Ms = 4.0. Finally, when the incident shock Mach number
further increases to Ms = 6.0, the double Mach reflection
pattern can be observed. For the incident shock Mach num-
ber of Ms = 8.0 and Ms = 10.0, the double Mach reflection
pattern still remains except for a stronger strength and more
marked flow patterns. The fugacity value ahead of incident
shock is z2 = 0.5, but behind the incident shock the values
are nearly to zero. The variation of the fugacity values across
incident shock is quite obvious, but quite small in across the
reflection shock. To be not too tautologous, we only present
the density and pressure contours for the cases Ms = 1.2, 2.0,
3.0, 6.0 to show four different types of shock reflection flow
patterns in Figs. 7a–d and Figs. 8a–d for comparison with
the corresponding cases of Boson gas.

Finally, by examining the density contours for cases of
incidence Mach number Ms = 1.2, 2.0, 3.0, 4.0, 6.0, 8.0
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-1.0            0.0               1.0              2.0 -1.0              0.0             1.0              2.0

Bosongas  Ms=1.2 θw=60o o
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(a)

(c) (d)

(b)

Fig. 5 Density contours for wedge angle θw = 60o by WENO2-KFVS
scheme and 401 × 201 mesh. a Ms = 1.2, b Ms = 2.0, c Ms = 4.0,
and d Ms = 8.0, for Boson gas with fugacity z2 = 0.5

Fig. 6 Pressure contours for wedge angle θw = 60o by WENO2-
KFVS scheme and 401 × 201 mesh. a Ms = 1.2, b Ms = 2.0,
c Ms = 4.0, and d Ms = 8.0, for Boson gas with fugacity z2 = 0.5

and 10.0, for both Boson gas and Fermion gas above, it is
noted that although the conditions ahead of and behind the
moving shock are quite different between Fermion gas and
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Fig. 7 Density contours for Fermion gas with a Ms = 1.2, b Ms = 2.0,
c Ms = 3.0, d Ms = 6.0 and fugacity z2 = 0.5 by WENO2-KFVS
scheme and 601 × 301 fine mesh

Fig. 8 Pressure contours for Fermion gas with a Ms = 1.2, b Ms =
2.0, c Ms = 3.0, d Ms = 6.0 and fugacity z2 = 0.5 by WENO2-KFVS
scheme and 601 × 301 fine mesh
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Boson gas, the shock diffraction patterns of Fermion gas are
similar to that of Boson gas, which is regular reflection for
Ms = 1.2, simple Mach reflection for Ms = 2.0, complex
Mach reflection for Ms = 3.0 and 4.0, double Mach reflec-
tion for Ms = 6, 0, 8.0, and 10.0.

In the ideal quantum gas, we have another parameter,
namely, the fugacity in addition to Ms and θw to consider
and it allows us to study the near degenerate limit and clas-
sical limit. As limited by the space, we shall not pursue this
aspect here.

4.3 Comparison with experimental interferogram

In order to make comparison with the available experimen-
tal and computational results, we also compute a benchmark
case listed in Takayama and Jiang [16]. In the experiment, air
was used as the test gas and temperature was 297 K and the
shock Mach number was 2. The wedge angles were 46o and
49o, respectively. In our simulation, the numerical results are
obtained for ideal quantum gas and the parameter γ is not
the same as air. The equation of state used in our calculation
is different from classical one. Figures 9 and 10 show the
comparison of numerical results with the experimental inter-
ferogram. The flow patterns computed are qualitatively sim-
ilar to the experiment, but in region near the kink is different.
The kink can be observed in the experimental interferogram,
but it is not obvious in our simulation.

5 Concluding remarks

Computations of oblique shock wave reflections over wedges
in quantum gases using an accurate explicit kinetic numeri-
cal method for solving the ideal quantum gas dynamics are
presented. Both Bose–Einstein and Fermi–Dirac gases are
considered. The numerical technique employed possesses
some desirable features for computing ideal quantum gas
dynamical flows which including: (i) an entropy-satisfying
and positive first-order KFVS scheme which is very robust
for shock capturing; (ii) general curvilinear coordinates have
been introduced to treat general geometries; and (iii) weigh-
ted essentially non-oscillatory methods have been imple-
mented into the basic first order flux vector splitting to yield
a class of high resolution schemes. A rather extensive calcu-
lations over flow parameters Ms and θw have been carried out
and four different types of oblique shock wave reflection pat-
terns, namely, the regular reflection, simple Mach reflection,
complex Mach reflection and the double Mach reflection have
been identified. Accurate resolutions of the complicated flow
features in all cases have been achieved which make detai-
led study of the flow structures possible. The present method
can provide a viable and robust tool for computing various
ideal quantum gas dynamical flow problems. Although the

Fig. 9 A comparison with benchmark experiment for θw = 46o.
a Density contour, Ms = 8.0, for Boson gas with fugacity z2 = 0.5.
b Experimental interferogram

theoretical formulas of the quantum flux vector splitting can
be shown to recover the classical ones when the classical
limit is taken and the conditions of the present computations
fall more in the classical regime and the flow patterns appear
indeed similar to the classical gas dynamical one, further
simulations of cases near the degenerate regime are under
way and will be reported elsewhere.

As mentioned earlier, the main objective of this paper is
to exhibit and identify the four different types of shock dif-
fraction patterns and the detailed calculation of transition
sequence and determination of the transition boundaries in
the (Ms, θw)-plane although can be done as Ben-Dor [1] and
Glaz et al. [6]; however, it requires much more effort, and we
shall not attempt here. Also, the corresponding experimen-
tal study of these interesting oblique shock wave reflection
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Fig. 10 A comparison with benchmark experiment for θw = 49o.
a Density contour, Ms = 8.0, for Boson gas with fugacity z2 = 0.5.
b Experimental interferogram

patterns in ideal quantum gas is still lacking and awaiting
future endeavor.
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